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Abstract

A necessary and sufficient condition for the existence of orthogonal basis of decom-
posable symmetrized tensors for the symmetry classes of tensors associated with the
dicyclic group is given. In particular we apply these conditions to the generalized
quaternion group, for which the dimensions of the symmetry classes of tensors are
computed.
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1 Introduction

Let V' be an m-unitary space. Let (%V be the n-th tensor power of V and write v1 ®- - - Qv
for the decomposable tensor product of the indicated vectors. To each permutation o in
Sy, there corresponds a unique linear operator P(o): ®V — ®V determined by P(o)(v1 ®
C®Un) = Vp-1(1) @ @ Ug-1(y). Let G be a subgroup of S, and let I(G) be the set of
all the irreducible complex characters of G. It follows from the orthogonality relations for

characters that

(TG0 &V - &V TG,y = >Tg) > x(0)P(o), x €1(G) }

oeG

is a set of annihilating idempotents which sum to the identity. The image of %V under the
T(G, x) is called the symmetry class of tensors associated with G and x and it is denoted
by Vi*(G). The image of v1 ® - -+ ® v, under T(G, x) is denoted by vy * ... x v, and it is

called a decomposable tensor. It is well-known that

dim V'(G) = >|<é*1|) Z x(o)m@) (1)
oceG

where ¢(0) is the number of cycles, including cycles of length one, in the disjoint cycle

decomposition of o (see [5]).



The inner product on V induces an inner product on &)V whose restriction to V*(G)
satisfies )
X( ) dG( A)

(U *..oxup | v %L ko) = 525

Gl X
where A = [a;j]nxn = [(¢i|v})]nxn and dg(A) = oeq X(0)a16(1) - - - Apo(n) s the general-
ized matriz function.

With respect to this inner product we have
n
V=D w(©)
XENG)
which is an orthogonal direct sum.

Let I'7', be the set of all sequences o = (aq,...,ap) with 1 < a; < m, so a is a
mapping from a set of n elements into a set of m elements. Then the group G acts
on I'}, by o.a == (ag-1(1), -+, Qp-1(n)) Where o € G is a permutation on n letters and
a € I'? is a mapping from a set of n elements into a set of m elements. Therefore
the action may be written as 0. = ao~! which is a composition of two functions. Let
O(a) = {o.a| 0 € G} be the orbit with representative «, also let G be the stabilizer of
a, ie, Gy = {0 € G| 0.a = a}. In this setting if o € I')', and o € G, then we have
Goo =0Gao™ L.

Let A be a system of distinct representatives of the orbits of G acting on I'}}, and define

A= {a €A Z x(o) 7&0},
O'EGa
and let © be the union of those equivalence classes represented by elements of A.
Let {e1,...,en} be an orthonormal basis of V. Denote by e, the tensor ey, *...*eq,

where o = (o, ..., ) € I, We have

o e % ZG x(oet™1) if a=7.3 for some T € G,
ey | eg) = oeGp

0 it O(a) # 0(8),
in particular, taking the norm of e, with respect to the induced inner product, one easily
obtains the condition e}, # 0 if and only if o € .

For vy € A, V¥ = (e} | 0 € G) is called the orbital subspace of V;*(G). It follows that
WG =pv (2)

yEA



is an orthogonal direct sum. In [2] Freese proved that

dim V7 X(1) Z x(o) (3)

‘G’Y| oeGy

in particular, if x is of degree one, then dim V' =1 for all v € A.

1

If = gy and 8 = ¢'.7, then g¢'~ 1.3 = «, so if we set 7 = g¢’~' and use the above

formula for (e, | ej;), then we obtain

<e;.7|e;,.7>=’<§,> S ). ()

0€g’'Gyg1

An orthogonal basis of the form {e},| a € S}, where S is a subset of I'],,, is called an

m
orthogonal basis of decomposable symmetrized tensors for Vi(G). By (2) V{*(G) has an
orthogonal basis of decomposable symmetrized tensors if and only if for all v € A, the
orbital subspace V' has an orthogonal basis of decomposable symmetrized tensors. In
particular, if x is of degree one, since dim V' =1 for all v € A, then VI has an orthogonal
basis of decomposable symmetrized tensors for all v € A which implies that VJ'(G) has
such a basis.

Several papers are devoted in investigation of the existence of an orthogonal basis of
decomposable symmetrized tensors for V' (G), see for example [10]. In [3] a necessary and
sufficient condition for the existence of orthogonal basis of decomposable symmetrized
tensors for VJ*(G) is given, where G is a cyclic or a dihedral group. In [6] it was claimed
that if {ej,...,en} is an orthogonal basis of V, then there exists a subset S of I'], such
that the set {e;,| o € S} forms an orthogonal basis of V'(G) if and only if x(1) = 1. But
later in [9] a counter-example to this claim was presented.

Now it is natural to consider a group G and an irreducible character x € I(G) and ob-
tain necessary and sufficient conditions for the existence of an orthogonal basis for V'(G).
With respect to this we consider the dicyclic group which will be explained below.

In this paper we find a necessary and sufficient condition for the existence of an orthog-
onal basis of decomposable symmetrized tensors of symmetry classes of tensors associated
with the dicyclic group. Throughout this paper all characters are considered over the

complex field C. We adopt notations from [7] in this paper.



2 Dicyclic Group

The group Ty,, n > 1, generated by the elements r, s such that r>® = 1, r" = s2,
s7trs = =1 is called the dicyclic group of degree n, i.e., Ty, = (r, s| 7" =1, " = s2,
s7lrs = r71) (see [4]). This group is of order 4n and in [1] page 7 it is denoted by
(2, 2, n) and it is proved that Ty, = (r, s| r™ = s> = (rs)?). In any case we have
Tun = {rl, rls| 0 <1< 2n}.

By [4] T4y, has n + 3 conjugacy classes which are

{1}, {r"}, {rRr R 1<k <n-—1, {r*s]0<k<n-—1},
{r2k+lgl 0 <k <n—1}

and the character table of T}, is indicated in Tables I and II.

Table I: The character table of Ty, where n is odd

1Cr,.. (9)] 4n 4n 2n 4 4
g 1 r’ k(1 <k <n-1) s rs
W 1 1 1 1 1
o 1 ~1 (—1)k i —i
bs 1 1 1 1 1
1y 1 ~1 (—1)k —i
Xh 2 2(—1)" 2 cos(khm/n) 0 0

(I1<h<n-1)

Table II: The character table of T4, where n is even

1Cr,. (9)] 4n 4n 2n 4 4
g 1 7 rF(1<k<n-—1) s rs
s 1 1 1 1
b2 1 1 (—1)F 1 -1
b3 1 1 1 1 -1
¢4 1 1 (—1)* -1
Xh 2 2(—1)" 2 cos(khm/n) 0 0

(I1<h<n-1)

From the above tables we see that T}y, has four irreducible characters of degree 1
namely 11, 1o, 13, ¥4 if n is odd and ¢1, @2, ¢3, ¢4 if n is even and n — 1 irreducible



characters of degree 2 which are denoted by xp, 1 <h <n—1.
By classical Cayley Theorem T}, can be embed in Sy, and so we assume that Ty, is
a subgroup of Sy,. In this case generators r, s of Ty, as permutations on 4n letters are

given by

r= (123 ... 2n)2n+1 2n+2 2n+3 ... 4n),
s= (1 2n+1 n+1 3n+1)(2 4n n+2 3n)3 4n—1 n+3 3n—1)...
(n—=13n+3 2n—1 2n+3)(n 3n+2 2n 2n+2).

In particular, the dicyclic group of degree 2"~! is called the generalized quaternion
group and denoted by Qan+1, 1.e., Qon+1 = Tyon-1) = Tont1, and x = xp, 1 <h < on—1l_1,
are characters of degree 2 for QQyn+1. In the following theorems we find the dimensions of

the symmetry classes of tensors associated with the dicyclic group Ty,.

Theorem 1 Let G = Ty,, n odd, and assume that V is an m-unitary space. Then
considering G as a subgroup of the symmetric group on 4n letters we have the following,

where (2n, k) denotes the greatest common divisor of 2n and k.

i n—1
1
dim V)" (G) = o m*" 4+ m? 42 Z m22nk) 4 2nm”] ,
" L k=1
T
dimVA‘Q”(G):E min m2"+2z Q”k] ,
1 i n—1
dim Vlf:(G) = mi" 4+ m? 42 Z m2(2nk) _ 2nm"] ,
L k=1
: n 1 | n n,
dlmVQZi(G):E mi" —m? +22 22 k],
1 I n—1
dim V(@) = o 2m*" + 2(—1)"m® + 4~ cos(khm /n)m?*C™ ’f>] ,1<h<n-1.
n
L k=1

Proof. Note that if 7 is a cycle of length a and (k,a) = d, then ¥ has d cycles of
length a/d and therefore c(7%) = d = (k,a). So c(1) = 4n, c(r") = 2n, c(r*) = 2(2n, k)

and ¢(s) = n, where ¢(7) denotes the number of cycles in the cycle structure of 7 including



cycles of length one. Considering the cycle structures of r and s given above we obtain:

rs= (1 2n+2 n+1 3n+2)(2 2n+1 n+2 3n+1)3 4n n+3 3n)...
(n 3n+3 2n 2n+3),

therefore c¢(rs) = n. Now using the character table of Ty, given in Table I the theorem
holds by (1). O

Theorem 2 Let G = Ty,, n even, and assume that V is an m-unitary space. Then
considering G as a subgroup of the symmetric group on 4n letters we have the following,

where (2n, k) denotes the greatest common divisor of 2n and k.

i n—1
1
L k=1
1 [ n—1
dim V4277'(G) = E m4” + mQTL +9 Z(_l)ka(Qn,k)] ’
L k=1
1 i n—1
dim V43n(G) = in mAn + m2n +92 Z m2(2n,k) _ 2nmn] :
L k=1
1 i n—1
i 4n — 4n 2n k. 2(2n,k
1 [ n—1
dim V;:(G) ™ 2mA" 4 2(—1)m?" 4 4Zcos(kh7r/n)m2(2”’k)] ,1<h<n-1.
- k=1

Proof. Similar to the proof of Theorem 1. [
The following lemma is useful in later considerations.

Lemma 1 Let H be a subgroup of Ty,. Then there is a natural number k, 0 < k < 2n,
such that H = (r*) or (r¥) £ H and H N (r) = (r*). In the second case we have
|H| > 2|(r")].

Uor rls where

Proof. By definition of T}, we see that elements of Ty, are of the forms r
0 <1< 2n. If H is an arbitrary subgroup of T}, then H N (r) is a cyclic subgroup of (r)
and therefore there is a natural number k, 0 < k < 2n, such that H N (r) = (r*). The rest

by our lemma follows immediately. [



3 On the Existence of Orthogonal Basis for the Symmetry

Classes of Tensors Associated with the Dicyclic Group

Let G = Ty, n > 1, and V be an m-unitary space, with orthonormal basis {e,...,en}.
For n = 1, the dicyclic group Ty is cyclic, Ty = Z4, therefore all irreducible characters

are of degree 1 and so V;L(T4) has an orthogonal basis of decomposable symmetrized

tensors for all x € I(7y). Therefore we assume that n > 2. If m = 1, then dim gV =
1, so dim V;"(G) = 0 or 1, therefore we don’t have any problem about the existence
of orthogonal basis of decomposable symmetrized tensors for V;‘"(G) for all x € I(G),
therefore we assume that m > 2.

For irreducible characters of Ty, of degree 1, v;, ¢;, 1 <1 < 4, VJ}:‘(T%) and qui”(ﬂn)
have an orthogonal basis of decomposable symmetrized tensors and so we don’t deal with
the ¥;’s and ¢;’s.

Therefore we investigate the problem for irreducible characters of degree 2 of Ty,, i.e.,

Xn,1 < h <n—1, which are given by

kh
Xh(Tk) = 2(;03777 ) Xh(TkS) =0, 0<k<2n.

Lemma 2 Supposen >2,1<h<n-1,0<k<2n. Letl= (2n/(2n,k)), where

(2n, k) denotes the greatest common divisor of 2n and k. Then we have

L owkhe |0 i kR Eo,
Z cos = m
=1 n 0 if kh#0.

Proof. 1t is straightforward. [

Lemma 3 Suppose G =Tyn, n>2, and x = xp, 1 <h<n-—1. Let H be any subgroup
of Tun, i.e., H = (r¥) or (r*) £ H and H N (r) = (%), for some k, 0 < k < 2n. If
I = (2n/(2n,k)), where (2n, k) denotes the greatest common divisor of 2n and k, then we

have

o if khZo,
Z X(g) = 2n
oy 0 if kh#£0.



Proof. We have o(r¥) = (2n/(2n,k)) =1,s0 H = {r¥,r?% . vk} or {r¥ r?k . rF} <
H and HN (r) = {rk r? .. . r*} But y vanishes outside (r), therefore by Lemma 2 we

have
l

! . 2n
thhr 2l if khZ0,

> x(g) =D x(r")=2) cos == = on
geH t=1 t=1 0 if kh#0.

O

Lemma 4 Let G =Ty, n>2, and x = xn, 1 <h <n—1. Then for v € A, we have
Gy = (k) or (r*) £ G and G, N (r) = (r¥), for some k, 0 < k < 2n, where kh 20. In
particular, if (r*) £ G, then we have |G| > 2|(r¥)|.

Proof. G is a subgroup of G so by Lemma 1, G, = (r*) or (r*) £ G, and G, N (r) =
(rk), for some k, 0 < k < 2n. In particular if (r¥) £ G., then |G| > 2|(r¥)|. But by
Lemma 3 if kh 2;72 0, then ZQGGW x(g) = 0 and so v ¢ A. This contradiction show that
khZ0. O

Lemma 5 Letn>2and1 < h <n—1. Then there exist t, t', 0 <t, t' < 2n, such
that cos ((t — t')hm/n) = 0 if and only if va(h/n) < 0, where vy is the 2-adic valuation.

Proof. It is straightforward. For the definition of p-adic valuation we refer the reader
to [8]. O

Lemma 6 Suppose G = Ty,, n > 2, and let x = xp, 1 <h <n—1. Let y € A and

n

suppose that G, is of the form G, = (r¥), where 0 < k < 2n, kh = 0. If vo(h/n) < 0,

where vy is the 2-adic valuation, then the orbital subspace V' has an orthogonal basis of

N

decomposable symmetrized tensors.

Proof. We have o(r*) = (2n/(2n,k)) =1, so G, = {r¥,r? ... r'*} and therefore by
(3) and Lemma 3

2
dim V¥ = el > x(g) = 7@ =4.
7 gea,
Now for all g, ¢’ € G we have
{rktb—a p2ktb—a plktb-a) it g=r° g =1,
g/ng—l —_ {Tk+n+a+b87 r2k+n+a+b87 o ,leJrnJraers} if g = TaS, gl _ Tb,

b

{p—ktb-a p=2ktb=a  p—lktb—ay if g=r%, ¢ =r’s.

)



For g = r%, ¢’ = b by (4) we have

(eiales) = X5 ¥ x(o)

Zl: X(Ttchrbfa)

t=1

She

l
1 (tk+b—a)hm
~ n COS ————
t=1

l
= g ()

3|~

i (b— a)h7r

_ 1 (b—a)hm
= n COS T

S\H

b or g = r% and ¢’ = r’s then by the same computation we obtain

(I/n)cos ((b — a)hw/n), respectively. Therefore

Ifg=r%and ¢ =r

<e;7|62’~7> =0 or <e;7|e;,.,y> =

l (b—a)hm . o /b
- Cos ~— if g=r® ¢ =17,
* * _ . _ /! b
(egrl€gr) =14 0 . if g=r%, ¢ =1r°,
l b—a)hm . o /b
- COS if g=r1r%, ¢ =1r’s.

n

Since by the assumption ug(%) < 0, hence by Lemma 5 there exist ¢, t', 0 < ¢, t < 2n,
such that cos ((t — t')hm/n) = 0. Let S = {rt.y,r" .y, rlsy,7" sy} C T, then by the
above computation, we have (ejlej) = 0 for all a, 3 € S, a # . But dim V' = 4, so
{e5| a € S} is an orthogonal basis of decomposable symmetrized tensors for V. [
Lemma 7 Suppose G = Ty,, n>2, and x = xn, 1 <h <n—1. Let v € A be such
that (r*) £ G, and G, N (r) = (r¥), where 0 < k < 2n, kh ) If 1/2( ) < 0, where vy
is 2-adic valuation, then the orbital subspace V' has an orthogonal basis of decomposable
symmetrized tensors.

Proof. We have o(r*) = (2n/(2n,k)) =1, so {rk,r? ,r*Y £ Gy and Gy N (r) =
{rk 2k . r*}. Note that, by Lemma 4, in this case we have |G| > 2l, and therefore
by (3) and Lemma 3

aimv; = M0 S~ () < 2 =2

1Gol e 2

~



sodimVy =1 or dimVy = 2. If dimV} = 1, then we don’t have any problem about the

existence of orthogonal basis of decomposable symmetrized tensors for V7, therefore we

assume that dim V' = 2. For g = r¢, ¢’ = r® we have {rktb=a p2htb=a = plktb-a} <
gdGrg7 ! and ¢'GLg7 ! N (r) = {pktba p2htba  plktb=a} therefore by (4) we have
1
(esaleyn) = X5 ¥ x(o)
0€g'Gyg™!
l
2 _
= 2 Z X(Ttk+b a)
=1
_ % Z cos (tk+b;a)h7r

t=

—_

l

= 1 t; cos (% + L*Z)hﬂ)

|[=

l
1 (b—a)hm
= ) cos—_
t=1
1 (b—a)hm
= u COS P

Since by assumption 1/2(%) < 0, hence by Lemma 5 there exist ¢, t/, 0 < ¢, t/ < 2n,
such that cos ((¢ — ¢')hr/n) = 0, therefore by the above computation (eyelery 7) = 0.
For S = {rt.y,r’ 4} C T since dim V=2, s0 {e}| a € S} is an orthogonal basis of

decomposable symmetrized tensors for V.F. U

Theorem 3 Let G = Typ, n > 2, and x = Xp, 1 < h <n-—-1,dmV =m > 2.
Then V;”(G) has an orthogonal basis of decomposable symmetrized tensors if and only if
va(h/n) < 0, where vy is 2-adic valuation.

Proof. Assume V;‘”(G) has an orthogonal basis of decomposable symmetrized tensors,
therefore by (2) for all v € A, the orbital subspace V. has an orthogonal basis of decom-
posable symmetrized tensors, in particular for v = (1,2,2,...,2). Note that in this case
G, = {1}, and deGw x(9) =2#0,s0v€A. Forall g, ¢ €G, we have

{rb—a} if g=r® ¢ =1,
gG g7t ={ {rmtatbgl if g=r%, g =1,
{rb=a} if g=r%, g =rbs.

10



Therefore by (4) we have

Loos b=l if g =re, g/ =0,
(egrley ) =19 0 if g=r%, ¢ =1°,
L cos (b_z)hﬂ if g=r%, ¢ =rbs.
But by (3)
«_ x(@) 2
7 gea,

By the above computation if there are 4 decomposable symmetrized tensors for which any
distinct pair are mutually orthogonal, then there should exist ¢, ¢/, 0 < ¢, ¢ < 2n, such
that cos ((t — t')hm/n) = 0. Therefore by Lemma 5 we obtain vo(h/n) < 0.

Conversely assume v5(h/n) < 0, then by Lemmas 4, 6 and 7, for all v € A, V7 has
the orthogonal basis of decomposable symmetrized tensors, and therefore by (2) so does
vInG). O

Corollary 1 Let G =Ty,, n>24s odd, and x = xp, 1 <h<n-—1,dimV =m > 2.
Then V;l”(G) does not have an orthogonal basis of decomposable symmetrized tensors.

Proof. Since n is odd, therefore v5(h/n) > 0, and by Theorem 3 the corollary holds. O

Theorem 4 Let G = Qyn+1, n > 2, the generalized quaternion group, and x = Xp, 1 <
h<2" 1 —1,dimV =m > 2. Then VXQTLH(G) has an orthogonal basis of decomposable

symmetrized tensors.

Proof. Note that G = Qan+1 = Tygn-1y, and since 1 < h < 2n=1 _ 1 therefore
vo(h/2"1) < 0 and by Theorem 3, this result follows. [
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